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Code features

@ DG and HDG discretizations
@ C-code linked to ParMETIS, MPI

@ Physics separate from numerics:

e Compressible Navier-Stokes, RANS, shallow water, acoustics,
scalar, radiation hydrodynamics

@ Various time-stepping schemes:
e RK, BDF, DIRK, (M)EBDF, SAMF, DG-in-time
@ Fully-discrete and continuous-in-time adjoints for sensitivity
studies and error estimation

@ Structured and unstructured goal-oriented mesh and
time-step adaptation
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Output-based adaptation is not always intuitive

Fishtail shock in M., = 0.95 inviscid flow over a NACA 0012 airfoil

”;il/l' Adapted using residual

100 1500
Number of elements

Adapted using drag adjoint
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The discontinuous Galerkin method

@ State vector: u = [p, pu;, pE, p]’

@ PDE: Ju+ V -F(u,Vu)+ S(u,Vu) =0

@ Solution approximation on element e: uh(fc’)‘ R~ Z}’E) U,j¢j(X)

w e V=W, Vi={uel*(Q):ulg, € PP() YV € T)}

Q.
N, = #of elements
n(p) = # of basis fcns
p = solution approximation order
4 1 ¢;(x) = j™ basis function
domain €2 element e
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Nonlinear solver

@ Newton-Raphson + pseudo-time continuation
@ Linear system at each nonlinear iteration:

_1_7

M OR
At, 0U

) AU+ R(Up) = 0,
U

Uy = initial guess, M = mass matrix,
@ Ay, is an artificial time step,

Aty = CFL h/Cmax

h = volume /(surface area), cmax = Max characteristic speed
over quadrature points of the element

@ State update is under-relaxed, U = U, + wAU, to keep it
physical, via a line search
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Wall distance calculation

@ SA model requires d = distance to closest wall
@ Store d via order pyq approximation on each element

@ Compute d at each order pyq Lagrange node via brute force
search to identify closest face, projection to faceted face
representation, and snapping to the true geometry

® point of interest

CalC‘:llated actual wall
wall distance) |™ Jistance

s=1/3 s=12/3

linear facets

HI,
s = reference space curved face
position on face

s=1
calculation on curved elements contours of wall distance
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Output sensitivity to residuals: the adjoint

The lift adjoint W is the sensitivity of lift to residual sources.

Lift= J(U)
We have a solution U when R =0
Bement e

state U
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Output sensitivity to residuals: the adjoint

The lift adjoint W is the sensitivity of lift to residual sources.

Lift= J(U)
We have a solution U when R =0
element e
R,
What if we add a residual source, R, ? U
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Output sensitivity to residuals: the adjoint
The lift adjoint W is the sensitivity of lift to residual sources.

Lift= J(U) 4 0J
We have a solution U when R = 0

element e

oR,
. . 0 ]
What if we add a residual source, R, ? U sU

\/

resolving for the state ...
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Output sensitivity to residuals: the adjoint

The lift adjoint W is the sensitivity of lift to residual sources.

6J = WIsR,

Lift= J(U) 4 0J
We have a solution U when R = 0

element e

oR, v,
. . 9
What if we add a residual source, R, ? U sU

\/

resolving for the state ...
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Adjoint-weighted residual as an error indicator
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Mesh adaptation

Initial coarse mesh & error tolerance
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—{Flow and adjoint solution}
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Transonic RANS flow over a NACA 0012

23.3: 6'" adapted mesh, isotropic (8,736 elements) 23.4: 10" adapted mesh, anisotropic (4,816 ele-
ments)
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h/p adaptive runs
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h/p adaptive runs

Staggered pitching/plunging airfoils; ALE, dynamic p
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Flapping wing; ALE, dynamic p
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Mesh-conforming mesh generation

ldea
Make mesh in which each edge has the same metric length

B B
metric distance from A to B: {4 = / al = / VdxT Mdx
A A

@ e.g. BAMG = Bi-dimensional Anisotropic Mesh Generator
[1: Borouchaki, 1995]

@ Input: background mesh and desired metric at nodes
@ Output: metric-conforming mesh
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A mesh optimization algorithm [3: Yano, 2012]

@ Given: current mesh, primal and adjoint solutions

@ Determine: metric step matrix, S,, at each mesh vertex, v,
that produces a mesh with the smallest output error at a fixed
solution cost

@ Key ingredients
@ Error convergence model: S, — output error
@ Cost model: S, — solution cost

@ lterative algorithm that equidistributes the marginal
error-to-cost ratio

@ Expect multiple iterations of optimization until error “bottoms
out” at a fixed cost; can then increase allowable cost to
further reduce error
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Combining adaptation and optimization

@ Start with a coarse mesh at a certain cost = dof

© Run multiple (~ 10) mesh optimization iterations at fixed cost
e Each iteration requires primal and adjoint solves
@ Solves are quick since starting from good initial guesses
e Error will drop, then stagnate/oscillate
e Use results from final run or average of last few runs

log(error) increase dof log(dof)

0 16 2’@ solution iterafion

© Increase dof cost by a prescribed factor if need more
accuracy and can afford more cost; return to step 2
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Euler equations, M, = 0.5,« = 2°,v = 1.4, output = drag

Mach number contours
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Example: NACA 0012 in inviscid flow

Euler equations, M, = 0.5, = 2°,+ = 1.4, output = drag
Initial mesh: 356 triangles, farfield @2000c¢
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d flow: sample run

2, 15 optimization iterations at each dof
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NACA 0012 in inviscid flow: output convergence

Compare to uniform refinement at different orders p
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NACA 0012 in inviscid flow: optimized meshes
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NACA 0012 in inviscid flow: optimized meshes
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NACA 0012 in inviscid flow: optimized meshes
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RANS-SA, M, = 0.73,a = 2.79°, Re = 6.5M, output = drag

Mach number contours
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Example: RAE 2822 in transonic flow

RANS-SA, M, = 0.73,a = 2.79°, Re = 6.5M, output = drag
Initial mesh: 758 triangles, farfield @2000c¢
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sample run

RAE 2822 in transonic flow

2, 15 optimization iterations at each dof
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RAE 2822 in transonic flow: output convergence

Compare to uniform refinement at different orders p
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RAE 2822 in transonic flow: optimized meshes
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RAE 2822 in transonic flow: optimized meshes
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RAE 2822 in transonic flow: optimized meshes
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Backup Slides
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Basis choice and DG system

@ What basis functions to use?
e DG = ¢; not tied to element shape

e We can use full-order (tri) basis on quad elements

e e.g. p = 4: 25 dofs for quad basis, 15 dofs for tri basis
@ We lump all residuals and states into single vectors (size N),

U= } element e
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Uel
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Nonlinear solver: line search

@ Given: Uy and AU.

@ Compute wPY = maximum fraction such that Uy + wPYSAU
remains physical. This involves checks at quadrature points
of each element.

© Setw = min(1,wP™s). If w < 1, set w = wpPYS, gAY < [,

o While w_> wmi“ and HR(UO + wAU)” > BresidualHR(UO)”: set
w = wgli"e where glire < 1,

@ If w < w™n, do not update, and set CFL = CFL3CFL-decrease,

raise the CFL: CFL = CFL3CFL.increase_

Parameters:

Bphys — 0.5’ 5residua] — 2'0’ Bline — 0'5’ wmin — 0.24’
BCFL,increase —1.2 BCFL,decrease =0.1.
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Output error estimation

We want: 6J = J;(Uy) — J(U)

This is the difference between J computed with the discrete
system solution, Uy, and J computed with the exact solution, U

We’ll settle for: o0/ = Jy(Uy) — J,(U,,)
This is the difference in J relative to a finer discretization (k)

coarse space: — Ry(Uy) =0 — Uy —  Jg(Up)
N e’ S~~~ N——
Ny equations state € RVH output (scalar)

fine space: — R, (Uy) =0 — U, = Jn(Up)
R — A N —
N, equations state € RVr output (scalar)
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The adjoint-weighted residual

@ U solves a perturbed fine-space problem
find Uj, such that:  R,(U},) —R,(U¥) =0 = answer: U, = U
SR
h

@ The fine-space adjoint, ¥, (p + 1, solved exactly) then tells
us to expect an output perturbation of

LU — 7, (Uy) = ®I6R, = — @R, (UH)

~0J

@ This equation assumes small perturbations (e.g. if nonlinear;
linearization is about U)

@ In summary, we have an adjoint-weighted residual:

6J =~ —WIR, (U
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Mesh adaptation using a metric field

@ Unstructured meshes offer more geometric and adaptive
flexibility over structured ones

@ Resolution information: size and shape of an element
@ This can be encoded in a metric field [1: Borouchaki, 1995]
[2: Pennec, 2006] over the domain

@ We are interested in an adaptive method where the mesh is
regenerated at each iteration using the current mesh and
information from the solution

@ Key ingredients:

@ Metric-conforming mesh generator
@ Solution-based metric specification
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Error convergence model

@ &, = current output error indicator on element e (from AWR)
@ S, = proposed metric step matrix on element e
@ Model for error after metric modification with S,:

ge = 560 €Xp [tr(R€S€>] ‘

@ R, = error convergence rate tensor (identified by sampling)

@ Note, this is a generalization to anisotropic shape changes of
the more familiar isotropic model,

h r
o= £a (i) = Ewexplriog(h/i)
@ Sum over elements to get the total error on the mesh,

£E=) &
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Cost model

cost = degrees of freedom (do£) in solution approximation

@ Assume p = approximation order = same for all elements
@ C,y = current cost on elemente, e.g. (p+1)(p+2)/2
@ New cost after application of step matrix S,,

Ce = Ce eXp |:;tl'(Se):|

Areay/Area

@ Note, the cost is just scaled by Areay/Area = # new elements
occupying the original area of element ¢

@ Sum over elements to get the total cost on the mesh,
c-Yc
e
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